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A number of people have lamented the fact that there is not an easier proof of 
the [Askey-Gasper] inequality . . . If [anybody] wants an easier proof there 
are two alternatives. One is to find one. The other alternative is . . . 
- R. Askey and G. Gasper (1989, p. 21) 
We will follow the first alternative in the above quotation. Throughout this paper, 
n, j, m, k denote nonnegative integers, while c1 and t denote real numbers (or, alterna- 
tively, commuting indeterminates.) Let, as usual, 
(a),:=a(a+ l)...(a+n- l), ;n!:=(l),, l/(-n- l)!:=O, 
and, for any nonnegative integers p and q, 
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We will present a new proof of the following celebrated inequality, that was used by de 
Branges [4] to prove a famous conjecture of an infamous man. 
The Askey-Gasper inequality [ 1,2] 
F 
( 
-n,n+a+2,(a+ I)/2 
3 2 
(a+3)/2,a+ 1 
;t >O, O<t<l, a>--1. 
) 
As in [3,4], this follows immediately (and with a bit of effort also for a > - 2; see [Z]) 
from 
The Askey-Gasper equality [ 1,2] 
(a + 2)” 
n! SF2 ( -n,n+a+2,(a+1)/2 (a+3)/2,a+l ‘t 1 
= (1/2)j(a/2+1),-j(a/2+3/2),-2j(a+l),-Zj c j j!(a/2+3/2),_j(a/2+1/2),_2j(n-2j)! 
- n/2 + j, n/2 + a/2 + 1 + 112-j 
a/2+ 1 
Let us recall the Wilf-Zeilberger [S] methodology of presenting proofs of identities 
of the form 
c U(m,k)=rhs(m). (*‘I 
k 
First, one divides through by rhs(m), and tries to prove instead, writing 
F(m, k):= U(m, k)/rhs(m), that 
(*I 
All that the prover has to do is to present the “certificate” R(n, k), a certain specific 
rational function, from which the readers can reconstruct he proof as follows. They 
set 
G(m, k):=R(m, k)F(m, k- 1) 
and then verify that 
F(m+l,k)-F(m,k)=G(m,k+l)-G(m,k). (WZ) 
This is always a purely routine identity, since dividing by F(m, k) results in a specific 
identity involving sums of rational functions. Having verified (WZ), the identity (*) 
follows upon summing (WZ) w.r.t. k, which shows that C,F(m, k) is identically 
constant. This constant is shown to be 1 by checking that plugging in m = 0 in (*) gives 
you indeed 1. 
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The Askey-Gasper identity follows immediately from the following two lemmas, 
the first of which is due to Clausen [3], and which was given a WZ proof in [S]. To 
make this paper self-contained, we will give it again. 
Lemma 1’ (Clausen [3]). 
[ ( F - n/2 + j, n/2 + 42 + l/2 -j ’ 2 1 a/2+1 ;t >3 
= 3F2 
-n++j,n-2j+cc+l,(a+1)/2 
(a+2)/2,a+ 1 
Lemma 2’. 
(a + 21, 
n! 3F2 ( -n,n+a+2,(a+1)/2 (a+3)/2,a+l it 1 
= (1/2)j(a/2+1),-j(a/2+3/2),-2j(a+1),-2j c j $(X/2+3/2),-j(a/2+ 1/2),_zj(n--2j)! 
x 3F2 
-n+2j,n-2j+a+l,(a+1)/2 
(a+2)/2,a+l 
;t . 
> 
By comparing the coefficient of a typical term tm on either sides, it is clear that they 
are equivalent, respectively, to Lemmas 1 and 2 below. 
Lemma 1. 
c (-n/2+j),((n+a+1)/2-j),(-n/2+j),-k((~+a+1)/2-j),-k 
k 
k!(m-k)!(++ l)k(c@+ l)m_k 
=(-n+2j)&-23’+a+ l),((a+ l)LL 
m!(a/2+ l),(a+ l), ’ 
Proof. 
R(m k).=(2j-n+2k)(a-2j+n+1 +2k)(l +a+3m-2k) 
3 . 
2(a+2m+l)(n-2j+a+m+l)(-n++j+m) . 
q 
Lemma 2. 
(a+2),(-n),(n+a+2),((a+1)/2),= 
n! m!((a+3)/2),(a+l), 
c 
(1/2)j(a/2+l),-j(a/2+3/2),-2j(a+1),-2j(-n+2j),(n-2j+a+l),((a+1)/2), 
i j!((a+3)/2),-j((a+l)/2),-2j(n-2j)!(a/2+1),(a+l),m! 
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Proof. 
RCm jJ:=(2j+ l)(m-n+2j+l)(-n+2j+m)(a+2n-2j+ 1) 
3 
(a+1 +2n-4j)(cl+2m+2)(-n+m)(n+cc+2+m)’ 
q 
Remarks. The Askey-Gasper identity can also be viewed as an identity for formal 
power series, and then the restriction 0 6 t < 1 is unnecessary and, in fact, meaningless. 
The present proof is very elementary (it only requires junior high-school algebra 
(literally!)), very easy (modulo purely routine algebraic verifications, that can be left to 
a machine or a competent high-school student), and very short (most of the paper was 
spent in introducing notation and stating the theorem, the proof itself consists of the 
proof of Lemmas 1 and 2, that occupy together two lines). 
In fairness to the original proof(s) of the Askey-Gasper inequality, we must concede 
that we would have been unable to prove the inequality directly. All we did was give 
a new proof of the equality that was stated (and, of course, first proved) by Askey and 
Gasper. Of course, once the equality is available, the inequality immediately follows, 
but finding the right equality is the true breakthrough. As we know from Polya’s 
principle, finding a stronger statement is often the crucial step in solving a problem. In 
the case of the Askey-Gasper inequality, the crucial step was their expression for the 
quantity of interest as a sum of squares. Since, at least for us, equalities are much easier 
to prove than inequalities, the actual proof of the equality is minor compared to its 
conception. In other words: Any fool can prove an identity, once stated, but only wise 
men can conjecture good ones. 
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